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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract
The dynamic behavior of multiple moving cracks with constant length propagating in the non-homogeneous orthotropic half-
plane under anti-plane loading is considered. The Galilean transformation is employed to express the wave equations in terms of 
coordinates that are attached to the moving crack. Finally, the solution of a moving screw dislocation is obtained in a non-
homogeneous orthotropic half-plane. The solution is employed to derive integral equations for a half-plane weakened by several 
moving cracks. Numerical examples are provided to show the effects of material properties, crack size and the speed of cracks
propagating on the stress intensity factors of crack tips.
© 2016 The Authors. Published by Elsevier B.V.
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1. Introduction
The concept of using materials with progressively changing properties, functionally graded materials, for improving 
material performance has received considerable attention from the research community. FGMs are very attractive 
for extremely high temperature application and wear protective coatings. The knowledge of crack growth and 
propagation in functionally graded mat rials is important in designing components of FGMs and improving its 
fracture toughness. Wang and Meguid (1995) obtained the stress field around a moving finite crack that propagates 
in a non-homogeneous interfacial layer between two dissimilar elastic half-planes under anti-plane loading 
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conditions. The plane strain problem for determining the dynamic stress intensity factor in orthotropic medium when 
a moving Griffith crack is situated at the interface of two dissimilar half spaces was considered by Das et al. (1996).
Asymptotic expansion of out of plane displacement fields for a crack propagating with a constant velocity at an 
angle to the property gradient was obtained by Chalivendra et al. (2002). Jiang and Wang (2002) studied the 
dynamic plane behavior of a Yoffe type crack propagating in a functionally graded interlayer bonded to dissimilar 
half planes. The dynamic stress intensity factor and strain energy density for moving crack in an infinite strip of 
functionally graded material subjected to antiplane shear was determined by Bi et al. (2003). Ma et al. (2005) 
investigated the theoretical analysis of the dynamic plane behavior of a Yoffe type crack (1951) propagating in a 
functionally graded orthotropic medium. The elastic stiffness constants and mass density of materials are assumed to 
vary exponentially perpendicular to the direction of the crack propagation. Numerical examples were given to show 
the effects of the material properties, the thickness of the functionally graded orthotropic strip and the speed of the 
crack propagation upon the dynamic fracture behavior. Das (2006), Considered the interaction between three 
moving collinear Griffith cracks under anti-plane shear stress situated at the interface of an elastic layer overlying a 
different half plane. The problem of a Griffith crack of constant length propagating at a uniform speed in a non-
homogeneous plane under uniform load is investigated by Singh et al. (2006). The finite crack with constant length 
(Yoffe-type crack) propagating in a functionally graded strip with spatially varying elastic properties between two 
dissimilar homogeneous layers under in-plane loading was studied by Cheng et al. (2007). The primary objective of 
this study is to provide a theoretical analysis of multiple moving cracks with arbitrary arrangements propagating in a 
functionally graded orthotropic half-plane under anti-plane traction. The complex Fourier transform is employed to 
obtain transformed displacement and stress fields. The dislocation solutions are then used to formulate integral 
equations for a half-plane weakened by several cracks. Several examples of cracks are solved to study the effects of 
geometric parameters and speed of crack on the stress intensity factor of cracks to illustrate the applicability of the 
procedure.
2. Formulation of the problem
   The problem envisaged is that of multiple cracks propagating at constant speed V in functionally graded 
orthotropic half-plane, as shown in Fig.1. 
Fig. 1. Schematic view of a non-homogeneous orthotropic half-plane with a screw dislocation.
At first, let us consider a functionally graded orthotropic half-plane with moving screw dislocation along X-axis. 
The X- and Y-axes are in the principal directions of orthotropic material. The distributed dislocation technique is an 
efficient means for treating multiple moving cracks. However, determining stress fields due to a single dislocation in 
the region has been a major obstacle to the utilization of this method. We now take up this task for a functionally 
graded orthotropic half-plane containing a moving screw dislocation. Under the assumption of anti-plane 
deformation, the only nonzero displacement component is the out of plane component ),,( tYXW . Consequently, 
the constitutive equations are given by:
( , , ) ( ) , ( , , ) ( ) ,zx X zy Y
W WX Y t Y X Y t Y
X Y
σ µ σ µ
∂ ∂
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where YXX eY
ζµµ 20)( = and 
Y
YY eY
ζµµ 20)( = are the shear modulus. Utilizing Eq. (1) in the absence of body 
forces, the basic equations which govern the anti-plane deformation behaviour of the medium can be expressed in a 
fixed Cartesian coordinate system are:
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where Yey ζρρ 20)( = is the material mass density. Also 00 ρµ XXC = is the characteristic elastic shear wave 
velocity for the material in the x direction. For the current problem of a crack propagating at constant velocity V
along the X –direction, it is convenient to introduce the following Galilean transformation 
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with x and y being a translating coordinate system, which is attached to the propagating crack. Therefore, Eq. (1) 
becomes independent of time and can be converted into
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where ),,(),( tYXWyxw = and )1( 22 xCV−=α . The traction-free on the half-plane boundary implies that:
,0),( =hxzyσ   (5)
Let a Volterra type screw dislocation with Bergers vector zb be situated at the origin of the coordinate system with 
the dislocation line 0>x . The conditions representing the screw dislocation are
),0,()0,(),()0,()0,( −+−+ ==− xxxHbxwxw zyzyz σσ (6)
Here, )(xH is the Heaviside step-function. The first Eq. (6) shows the multivaluedness of displacement while the 
second implies the continuity of traction along the dislocation line. To obtain a solution for the differential equation 
(4) subjected to the conditions (5) and (6), the complex Fourier transform is defined as follows:
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where 1−=i . Applying Fourier transform (7) to Eq. (4) leads to a second order ordinary differential equation for 
),(* yw λ . Its solution is readily found to be
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where 2,1),(),( =iBA ii λλ are unknown. Application of conditions (5) and (6) to Eq. (8) gives the unknown 
coefficients. Therefore, the expressions for displacement components become:
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where )(λδ is the Dirac delta function and )( 22221 λαζζα f++−= , )(
2222
2 λαζζα f+−−= .
It is elementary to show that Eqs. (9) satisfy the first condition (5). The associated stress components by virtue of 
Eqs. (1) and (9), are given by:
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The integrals in (10) and (11) can be evaluated with the contour integration. For the sake of brevity, the details of 
manipulation are not given here. The final results are
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where 1(.)k is the modified Bessel function of the second kind and 
2222 yfxr α+= , 2222 )2( hyfxR −+= α . 
From Eqs. (12), it is obvious that stress components are Cauchy singular at dislocation position which is a well-
known feature of stress fields due to Volterra dislocation.
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3. Singular integral equation and solution
   The dislocation solutions obtained in Section 2 is utilized to analyze functionally graded orthotropic half-plane 
weakened by N arbitrary moving straight cracks. The distributed dislocation technique is an efficient means to 
carry out this task, see for instance Weertman (1996). The moving cracks configuration may be described in 
parametric form as:
0
0
,
, 1, 2,..., 1 1
i i i
i i
x x l s
y y i N s
= +
= = − ≤ ≤
(13)
We consider local coordinate systems moving on the face of ith crack. The anti-plane traction on the face of the ith 
crack in terms of stress components in Cartesian coordinates becomes:
0( , )nz i ix yσ τ= (14)
Suppose dislocations with unknown density zjB is distributed on the infinitesimal segment idl located at the face of 
the jth crack where the parameter 11 ≤≤− p and prime denotes differentiation with respect to the relevant 
argument. The traction on the face of ith crack due to the presence of distribution of dislocations on the face of all 
N moving cracks yields:
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where from Eqs. (12), the kernel of integral equation is
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We substitute Eq. (14) and (16) into Eq. (15), becomes
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Since the singularity of stress fields for dislocation is of Cauchy type then the Eqs. (17) is Cauchy singular equations 
for unknown dislocation densities. Employing the definition of the dislocation density function, the equation for the 
crack opening displacement across the jth crack is
.,...,3,2,1,)()()(
1
NjdppBlswsw
s
zjjjj ==− ∫
−
+− (18)
The displacement field is single-valued for the faces of cracks. Consequently, the dislocation density functions are 
subjected to the following closure requirements
1
1
( ) 0, 1,2,3,...,zjB p dp j N
−
= =∫ (19)
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The Cauchy singular integral Equations (17) and (19) are solved simultaneously. To determine dislocation density 
functions this task is taken up by the methodology developed by Erdogan et al. (1973). The stress fields in the 
neighborhood of crack tips behave like r1 where r is the distance from the crack tip. Therefore, the dislocation 
densities are taken as
.,...,3,2,111,
1
)(
)(
2
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p
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−
= (20)
The stress intensity factors at the tip of ith crack in terms of the crack opening displacement can be determined as 
follows 
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where L and R designate, the left and right tips of a crack, respectively. The geometry of a crack implies
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In order to take the limits for 0→Lir and 0→Rir , we should let, in Eq. (22), the parameter 1−→s and 1→s , 
respectively. The substitution of (20) into (18), and the resultant equations and Eq. (22) into Eq. (21) in conjunction 
with the Taylor series expansion of functions )(sxi and )(syi around the points 1±=s yield:
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4. Numerical results and discussion
   In this section, attention will be focused on the effect of the speed of crack propagation and material properties 
upon the dynamic stress intensity factors. Several examples are solved to demonstrate the applicability of the 
distributed dislocation technique. The analysis developed in the preceding section allows the consideration of a 
functionally graded orthotropic half-plane with any number of moving straight cracks. The stress distribution around 
the moving crack tip, are far more complicated than for the case of a stationary crack. All of the field variables have 
field intensity factors and these intensity factors are all dependent on the crack moving velocity. In order to 
investigate the effects of the materials properties gradient and the crack moving velocity on the stress intensity 
factors, we now furnish some numerical works to demonstrate the applicability of the applied method. In all 
examples, the half-plane is under anti-plane shear deformation with magnitude 0τ .
   First, consider the case where example deals the moving crack is propagating parallel to the x-axis with constant 
velocity V in the positive x –direction. The moving crack situated at 25.0=hl with different ratios of moduli and 
FGM constant. In these examples, the effects of material properties and dimensionless crack speed CV / on the 
dynamic stress intensity factors are investigated. The problem is symmetric with respect to the y-axis. As it may be 
observed 0kk , is increased by growing CV / . The values of the normalized stress intensity factors for single crack 
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functions this task is taken up by the methodology developed by Erdogan et al. (1973). The stress fields in the 
neighborhood of crack tips behave like r1 where r is the distance from the crack tip. Therefore, the dislocation 
densities are taken as
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The stress intensity factors at the tip of ith crack in terms of the crack opening displacement can be determined as 
follows 
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where L and R designate, the left and right tips of a crack, respectively. The geometry of a crack implies
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In order to take the limits for 0→Lir and 0→Rir , we should let, in Eq. (22), the parameter 1−→s and 1→s , 
respectively. The substitution of (20) into (18), and the resultant equations and Eq. (22) into Eq. (21) in conjunction 
with the Taylor series expansion of functions )(sxi and )(syi around the points 1±=s yield:
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4. Numerical results and discussion
   In this section, attention will be focused on the effect of the speed of crack propagation and material properties 
upon the dynamic stress intensity factors. Several examples are solved to demonstrate the applicability of the 
distributed dislocation technique. The analysis developed in the preceding section allows the consideration of a 
functionally graded orthotropic half-plane with any number of moving straight cracks. The stress distribution around 
the moving crack tip, are far more complicated than for the case of a stationary crack. All of the field variables have 
field intensity factors and these intensity factors are all dependent on the crack moving velocity. In order to 
investigate the effects of the materials properties gradient and the crack moving velocity on the stress intensity 
factors, we now furnish some numerical works to demonstrate the applicability of the applied method. In all 
examples, the half-plane is under anti-plane shear deformation with magnitude 0τ .
   First, consider the case where example deals the moving crack is propagating parallel to the x-axis with constant 
velocity V in the positive x –direction. The moving crack situated at 25.0=hl with different ratios of moduli and 
FGM constant. In these examples, the effects of material properties and dimensionless crack speed CV / on the 
dynamic stress intensity factors are investigated. The problem is symmetric with respect to the y-axis. As it may be 
observed 0kk , is increased by growing CV / . The values of the normalized stress intensity factors for single crack 
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versus the dimensionless crack speed CV / , are given in Fig. (2). The trend of variation remains the same by 
changing the FGM constant and the ratio of moduli of elasticity of the non-homogeneous orthotropic half-plane. 
Fig. 2. Normalized stress intensity factors of crack tips versus the dimensionless crack speed.
   In the second example, we consider two collinear moving cracks with length l2 which are placed on the x-axis. 
The ratio of the moduli of elasticity of the functionally graded half-plane is chosen 2.1,0.1=f . The graphical 
representation of the normalized stress intensity factors of crack tips ,/ 0kk against the ,/ CV is depicted in Fig. (3). 
In this figure a2 is the distance between two crack tips. As expected, the value of ,/ 0kk , increases with increasing 
crack moving velocities. Conversely, with increasing ratios of moduli, the values of the 0kk decreases.
Fig. 3. Normalized stress intensity factor versus the dimensionless crack velocity for different ratio of the moduli
   The graphical plot for variation of the normalized stress intensity factors of crack tips with dimensionless crack 
length hl , for different values of ξ and ratio of the moduli of elasticity is presented in Fig. (4). It is observed that 
the stress intensity factor continuously increases with the increase of crack length. From this figure, it can also be 
found that, the effects of FGM constant and the ratio of the moduli of elasticity upon normalized dynamic stress 
intensity factor are significant.
   For the case of two cracks propagation parallel to the half-plane boundary, variations of ,/ 0kk versus 
dimensionless crack length hl with 0.1=ξ and 2.1=f for 8.0=CV are plotted in Fig. (5). The distance between 
x-axis and the half-plane boundary remains fixed while the cracks lengths are growing. It is readily seen from Fig. 
(5), that with increasing hl , stress intensity factor for the crack tips increases rapidly.
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Fig. 4. Normalized stress intensity factors of crack tips versus the dimensionless crack length.
Fig. 5. Normalized stress intensity factors of crack tips versus the dimensionless crack length
5. Conclusions
  In this paper, the anti-plane stress analysis of a non-homogeneous orthotropic half-plane weakened by several 
moving cracks is obtained. The dislocation solutions are used to construct integral equations for a functionally 
graded orthotropic half-plane weakened by multiple moving straight cracks. The effect of crack velocity on stress 
intensity factor of cracks interaction of cracks and the ratio of the module of elasticity of the functionally graded 
orthotropic half-plane were studied. To show the applicability of the procedure more examples are solved where in 
the interaction between moving cracks is investigated.
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